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In this paper, the problem of single and multiple degree elevation and reduction for
DP curves and surfaces is considered and expressed in matrix representations. Using
monomial matrix representations of the univariate DP polynomials, single and multiple
degree elevation matrices can be derived by minor extension of this monomial matrix.
Given this result, matrices of constrained single and multiple degree reduction can be
readily obtained. Finally, important and sufficient conditions for degree reduction can also
be found from these resulting matrices.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The determination of degree elevation and degree reduction of curves and surfaces is an important problem in computer
aided geometric design (CAGD) or CAD/CAM. In general, the degree elevation of a Bézier curve can be computed from
the recursive formula and the exact solution for the degree reduction can be directly expressed as the inverse of such a
formula [1]. Thus, many efforts at solving this problem for polynomial curves in CAGD have been made in the last fifteen
years [2], such as for Said–Ball andWang–Ball curves. In 2008, a researcher demonstrated that degree elevation and degree
reduction for DP curves and surfaces can be computed by transforming from a DP into a Bézier curve and then applying the
degree elevations and degree reductions of the Bézier curve [3,4]. In this work, we focus on multiple degree elevation and
multiple degree reduction for DP curves because DP curves have linear computational complexity. In addition, DP curves
have the shape preserving property because DP polynomials form an NTP (normalized totally positive) basis.
The DP monomial basis
An nth-degree DP curve with control points, {pi}ni=0, using DP polynomials, {Dni (t)}ni=0, as basis functions [5] can be
rewritten in terms of DP monomial coefficients, denoted by {di,j}n,ni=0,j=0, as follows:
Dn(t) =
n−
i=0
Dni (t) · pi =
n−
i=0
n−
j=0
di,j · pi · t i, 0 ≤ t ≤ 1, (1)
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where
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(2)
and
 a
b

is the binomial coefficient.
Definition 1. An (n+ 1)× (n+ 1)monomial matrix for a DP curve of degree n defined by DP coefficients can be expressed
asDn,n = {di,j}n,ni=0,j=0, where i = 0, 1, 2, . . . , n and j = 0, 1, 2, . . . , n.
We propose a new approach, called ‘‘monomial form’’, by expressing a polynomial curve in terms of its power (monomial)
basis. Then, we find the monomial basis matrix,Dn,n, and its extension,Dn,n+k, to compute to obtain the degree elevation
matrix En+kn . Consequently, we can also obtain an exact degree reduction matrix,Rn−kn , with specific constraints.
2. Multiple degree elevation and multiple degree reduction for DP curves
Degree elevation is amethod used for raising the number of control points. It is usedwhenwewant to increase the curve
modeling flexibility of the control points by adding one or more vertices while the shape is unchanged. In this section, we
apply the monomial matrix consisting of DP coefficients to compute the multiple degree elevation and the multiple degree
reduction for DP curves. We can call this the ‘‘extended monomial matrix’’. It can be defined as in Definition 2.
Definition 2. An extended DPmonomial matrix, denoted byDn,n+k, is defined by attaching k column vectors of n+ 1 zeros
to the DP monomial matrix, denoted by Dn,n. The extended monomial matrix with n + 1 rows and n + k + 1 columns,
denoted byDn,n+k, can be explicitly expressed as
Dn,n+k =

Dn,n 0 · · · 0   .
k times.
(3)
2.1. Multiple degree elevation for the DP curve
In order to compute themultiple degree elevation forDP curves and surfaces, it is necessary to define amatrix formultiple
degree elevation. In this paper, the concept of the determination of the multiple degree elevation matrix is derived by the
transformation of a DP curve of degree n into a DP curve of degree n+ k. Then, we have the following theorem.
Theorem 1. A multiple degree elevation matrix for raising an nth degree of a DP curve to an (n + k)th degree, denoted by En+kn ,
can be defined as follows:
En+kn = Dn,n+k ·D−1n+k,n+k. (4)
Consequently, the multiple degree elevation for a DP curve can be computed from the degree elevation matrix as follows.
Proposition 1. Given a set of DP control points, {pi}ni=0, the kth-degree elevation of this DP curve in terms of the new DP control
points, {p(k)i }n+ki=0 , can be explicitly obtained from
[p(k)0 p(k)1 · · · p(k)n+k] = [p0 p1 · · · pn] · En+kn . (5)
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Example 1. The single degree elevation of an nth-degree DP curve can be calculated as follows:
[p(1)0 p(1)1 · · · p(1)n+1] = [p0 p1 · · · pn] · En+1n . (6)
2.2. Constrained multiple degree reduction for DP curves
Although some researchers have claimed [6] that an exact (single ormultiple) degree reductionmatrix does not exist and
only an approximate result can be found, actually, the single or multiple degree reduction can be achieved if and only if the
curve comes from the corresponding single or multiple degree elevation. However, a single or multiple degree reduction
matrix can be constructed under some specific constraints in order to satisfy the transformation conditions. A multiple
degree reduction matrix can be found as described in Theorem 2.
Theorem 2. A multiple degree reduction matrix, denoted byRn−kn , for decreasing the degree of the DP curve from n to n− k can
be expressed as follows:
Rn−kn = Dn,n ·D⊤n−k,n · (Dn−k,n ·D⊤n−k,n)−1. (7)
Proposition 2. Given a set of DP control points, {pi}ni=0, the kth-degree reduction of this DP curve rewritten in terms of the new
DP control points, {p(−k)i }n−ki=0 , can be explicitly obtained from
[p(−k)0 p(−k)1 · · · p(−k)n−k ] = [p0 p1 · · · pn] ·Rn−kn , (8)
and must satisfy the following constraint:
pn − pn−k = (−1)n−k

n− 1
n− k

n− 2
n− k− 1

p0 −
k−
i=1

n− i− 1
n− k− 1

pi

. (9)
This condition can be used when 1 ≤ k ≤ ⌊ n2⌋ and n > 2.
Example 2. A single degree reduction matrix for DP curve of degree n is
[p(−1)0 p(−1)1 · · · p(−1)n−1 ] = [p0 p1 · · · pn] ·Rn−1n under the condition that pn − pn−1 = (−1)n−1(p0 − p1).
3. Multiple degree elevation and multiple degree reduction for DP surfaces
The multiple degree elevation and reduction techniques for DP curves can be readily extended to the cases of DP
rectangular surfaces.
3.1. Multiple degree elevation for the DP surface
Proposition 3. Given a set of DP control points, {pi,j}m,ni=0,j=0, defined as a (m+1, n+1)matrix,Pm,n, the (k, l)th-degree elevation
for this DP rectangular surface in the term of the new DP control points, {p(k,l)i,j }m+k,n+li=0,j=0 , defined as an (m + k + 1, n + l + 1)
matrix, denoted by P (k,l)m+k,n+l, can be explicitly obtained from
P
(k,l)
m+k,n+l = (En+ln )⊤ · Pm,n · Em+km . (10)
3.2. Constrained multiple degree reduction for DP surfaces
Likemultiple degree elevation,multiple degree reduction forDP surfaces can be extended frommultiple degree reduction
of DP curves as follows:
Proposition 4. Given a set of DP control points, {pi,j}m,ni=0,j=0, defined as an (m+1, n+1)matrix,Pm,n, the (k, l)th-degree reduction
for this DP rectangular surface in the term of the new DP control points, {p(−k,−l)i,j }m−k,n−li=0,j=0 , defined as (m−k+1, n− l+1)matrix,
P
(−k,−l)
m−k,n−l, can be explicitly obtained from
P
(−k,−l)
m−k,n−l = (Rn−ln )⊤ · Pm,n · Rm−km , (11)
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and satisfies the following condition:
pm,n − pm−k,n−l = (m− 1)(n− 1)
(m− k)(n− k) F1(m, k)F1(n, l)p0,0 +
m− 1
m− k

F1(m, k)p0,n−l −
l−
j=1
F1(m, k)Fj(n, l)p0,j

+ n− 1
n− l

F1(n, l)pm−k,0 −
k−
i=1
F1(n, l)Fi(m, k)pi,0

−

k−
i=1
Fi(m, k)pi,n−l +
l−
j=1
Fj(n, l)pm−k,j

+
k−
i=1
l−
j=1
Fi(m, k)Fj(n, l)pi,j, (12)
where Fi(a, b) = (−1)a−b

a−i−1
a−b−1

.
This condition can be used when 1 ≤ k ≤ m2 , 1 ≤ l ≤  n2,m > 2, and n > 2.
4. Conclusions
In this work, a new unified method for deriving multiple degree elevations and multiple degree reductions for DP
curves and surfaces is proposed, by using DP monomial matrix representation. This technique is more efficient and
straightforward than any existing methods because the unified DP monomial matrices are easy to calculate and no distinct
basis transformations are required. The contributions of this work are the new formulae for the determination of multiple
degree elevation and multiple degree reduction for both DP curves and DP rectangular surfaces. Single degree elevation
and reduction of DP curves and surfaces are treated as special cases. In particular, the exact solutions for multiple degree
reductions for both curves and surfaces are provided with their essential constraints.
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